Gauge symmetry breaking by boundary conditions is studied in a general warped geometry in five dimensions. We propose the consistency of defining the fivedimensional (5D) gauge transformations as the principle to select consistent boundary conditions. Vanishing of surface terms to obtain the field equations (variational principle) has been advocated as a principle to allow a wider class of boundary conditions than that of automorphisms of the Lie algebra with the orbifolding. We find that there are classes of boundary conditions allowed by the variational principle which violate the Ward-Takahashi identity and give the four-point tree amplitudes growing with energy in channels so far unexplored, leading to cross sections increasing as powers of energy (the violation of the tree level unitarity). We also find that such boundary conditions are forbidden by requiring the consistency of defining the 5D gauge transformations.
Introduction
In models with extra dimensions, there are various possibilities for gauge fields. Initial proposal for the large extra dimensions assumes that all particles in the standard model are localized on a brane with four-dimensional (4D) world volume [1] - [4] . Localization of gauge fields on a wall is a challenging problem, which can be achieved in certain models [5] , [6] . However, other interesting possibilities arise if the gauge fields are propagating in the higher dimensional bulk spacetime. The extra-dimensional component of gauge fields can act as a Higgs scalar field to break the gauge symmetry [7] . The Wilson line dynamics can provide another source of gauge symmetry breaking, namely the Hosotani mechanism [8] . If the extra dimension is compactified on a topologically nontrivial manifold such as S 1 , the twisting can be accommodated to give the Scherk-Schwarz symmetry breaking mechanism [9] . If orbifolds are introduced, one can also impose boundary conditions at the fixed points of the orbifold to break gauge symmetry, usually using the automorphisms of the Lie algebra [10] - [15] . Combined with the Wilson lines, the orbifold models have recently gained much attention [16] - [20] . However, a wider class of boundary conditions to break gauge symmetry has been pursued to obtain more realistic models, such as reducing the rank of the gauge group [12] . One notable proposal was to consider gauge theories on an interval and to require that the surface terms must vanish in order for the variational principle [21] to give field equations 3 . However, it has remained a problem to examine the compatibility between boundary conditions and the 5D gauge transformations more closely in view of the possible wider varieties of boundary conditions such as those allowed by the variational principle.
Higgs bosons are needed in four dimensions to cancel terms growing with energy in scattering amplitudes of longitudinal massive gauge bosons [23] . The unitarity relation evaluated between the same states n| and |n − i n|(T − T † )|n = m n|T † |m m|T |n , (1.1)
gives the imaginary part of the elastic scattering amplitude as a sum of cross sections of various channels including elastic (m = n) as well as inelastic ones (m = n). Since contributions of each channel is nonnegative, any contribution of two to two (in-)elastic scattering amplitudes growing with energy gives the growing elastic scattering amplitude violating the unitarity bound for the elastic scattering amplitude. This is called the tree level unitarity which can be tested even in higher dimensional gauge theories [24] . It has been shown that scattering amplitudes growing with energy are canceled by exchange of Kaluza-Klein (KK) gauge bosons in the higher dimensional gauge theories compactified on torus S 1 , and thus the tree level unitarity is maintained in spite of the absence of the explicit Higgs scalars [24] . Even with the wider class of boundary conditions allowed by the variational principle, it has been shown that the contributions of the elastic scattering of longitudinal massive gauge bosons at the identical KK excitation level do not grow with energy. Therefore these boundary conditions have passed the consistency test of the tree level unitarity at least for the contributions from the elastic scattering [21] .
The purpose of our paper is to show that the consistency of defining 5D gauge transformations ensures that the boundary conditions to break gauge symmetry is consistent, namely does not violate the Ward-Takahashi identity and the tree level unitarity. To test the consistency, we compute scattering amplitudes in various channels including the massless modes as well as the KK modes at various levels, especially inelastic scattering amplitudes involving different excitation levels that have not been computed so far. We find that the variational principle allows certain simple classes of boundary conditions which violate the Ward-Takahashi identity as well as the tree level unitarity 4 . We will show that the consistency of defining the 5D gauge transformations forbids such boundary conditions.
The 5D gauge transformations have been examined by consistently gauging global symmetry [25] . In four dimensions, BRST invariance is useful as a sophisticated formulation of gauge theories after the gauge fixing [26, 27, 28] . BRST approach for higher dimensional gauge theories has been used to discuss the deconstruction approach [29] , and orbifold models [25] - [32] . We find that the consistency of defining gauge transformations to select boundary conditions can be rewritten equally well in terms of the BRST formulation 5 . In Sec.2.1, the variational principle is briefly reviewed. In Sec.2.2, we compute the scattering amplitudes and find possible boundary contributions violating the Ward-Takahashi identity and the tree level unitarity. In Sec.2.3, we demonstrate that the variational principle allows the boundary conditions which give these boundary contributions. In Sec.3, we show that the consistency of defining 5D gauge transformations forbids the boundary conditions that violate the Ward-Takahashi identity and the tree level unitarity. We also mention the BRST formulation. Useful formulas for mode functions are summarized in Appendix A. Some details of the computation of scattering amplitudes are given in Appendix B.
Variational Principle and Scattering Amplitudes

Boundary Conditions from Variational Principle
To a good approximation, our four-dimensional spacetime is flat, except for a tiny positive cosmological constant. Assuming the flat four-dimensional slices in five-dimensional spacetime, we parameterize the generic metric in terms of two 6 arbitrary functions W (y) and g 55 (y) of the extra-dimensional coordinate
where the capital Latin indices M, N, · · · = 0, 1, 2, 3, 5 run over the five spacetime dimensions, g M N is the five-dimensional metric, and the four-dimensional spacetime is flat 4 Authors learned that Masaharu Tanabashi also knew of examples of boundary conditions which are allowed by the variational principle, and violate the equivalence theorem and consequently tree level unitarity. 5 Since the problem of defining the gauge transformations occurs at the tree level rather than at the loop level, to use the BRST formulation in selecting the boundary conditions is just equivalent to use the classical gauge transformations. 6 One can reparametrize the extra-dimensional coordinate y in such a way to make either one of the two positive functions e −4W (y) or g 55 (y) to a constant, say g 55 (y) = 1. We leave these two functions as a flexible parameterization to accommodate various coordinate systems.
η µν = diag(−, +, +, +) with µ, ν = 0, 1, 2, 3. We assume the extra dimension to be an interval 0 ≤ y ≤ πR and consider appropriate boundary conditions at y = 0 and y = πR.
As a simple illustrative example, we take the pure gauge theory, and choose the SU(N) gauge group if we need to specify the gauge group. Introducing the gauge fixing term with the parameter ξ, we obtain the action in the R ξ gauge
The field strength is given by 
We omit to write the corresponding ghost fields since they do not appear in tree level scattering amplitudes. Let us briefly review the variational principle to determine the boundary conditions [21] . The action (2.2) should reach a minimum with respect to variations around the configuration satisfying the field equations in the bulk. To arrive at the field equations, one needs to perform integrations by parts resulting in the boundary terms
The variational principle requires these boundary terms to vanish. Simplest way to satisfy this condition is to use the Neumann ∂ 5 A 
The Neumann conditions ∂ 5 A a µ = 0 for the four-dimensional vector A a µ at both boundaries are necessary for the existence of zero mode (the unbroken gauge symmetry) with that gauge generator a in the low-energy effective theory. It has also been pointed out that the choice of these three patterns of boundary conditions can be made independently for each gauge generator a and for the four-dimensional vector A a µ and the four-dimensional scalar A a 5 . However, it has also been observed that the Lorentz invariance dictates that the gauge generators with massless gauge fields for the four-dimensional vector components A a µ should form a group, as argued in Ref. [21] 
where H is a (sub)group in the gauge group G. Let us note that the Neumann boundary condition should be imposed at both boundaries y = 0, πR for massless gauge fields. We will argue in Sec.3 that the first choice (2.5) does not allow a consistent definition of gauge transformations. Therefore we will consider the second (2.6) and the third (2.7) choices, and will not choose the first boundary condition (2.5) in this section. Therefore we will only write down the Neumann or Dirichlet boundary conditions for the four-dimensional vector A a µ at each boundaries, which automatically imply the opposite boundary conditions for the scalar A 
Important properties of mode functions are given in Appendix A. If we consider each gauge generators a separately, we find that the second (2.6) and the third (2.7) choices are consistent with the orbifold projection under the reflection Z 2 : y → −y. On the other hand, the first choice (2.5) contradicts with the orbifoldings. Fig.1 . For technical simplicity, we choose the KK level and boundary conditions for the gauge bosons with the generators b, d to be identical. In the center-of-mass frame, the scattering angle and the total energy are denoted as θ and E ≡ E n + E m , respectively. To examine possible growth of scattering amplitudes at fixed scattering angle as the total energy E grows, we choose polarization vectors ǫ for gauge bosons to be longitudinal except for the gauge boson A c l as tabulated in Table 1 . We will examine both longitudinal and transverse polarizations and massive as well as massless modes for A c l . Some details of the scattering amplitude calculation with Table 1 : Kinematics: The energy of each mode is given as E n = p 2 + m 2 n . Both the longitudinal and transverse polarizations ǫ(p 3 ) are explored for the gauge field A c l .
Scattering Amplitudes
arbitrary gauge parameters ξ are given in Appendix B. To test the tree level unitarity, we study the scattering amplitude at high enough energies where the total energy E is l unspecified yet, the terms growing in E in the invariant matrix element for the gauge parameter ξ ≪ E 2 /m 2 k is given by
with the four-vector A µ whose components are A µ=2 = 0 and
12)
We have ignored terms which do not grow with energies The latter polarization gives a vanishing result upon multiplication with A µ . For the former polarization, the invariant matrix element (2.11) becomes
which becomes a boundary contribution. For the longitudinal polarization which is given by
the invariant matrix element is
The amplitude growing with energy has the coefficient K in Eq.(2.17) for both transverse and longitudinal polarizations. Whether the boundary contributions are nonzero depends on the choice of boundary conditions. If these boundary contributions growing with energy do not vanish, they will contribute through unitarity relation (1.1) to the imaginary part of the elastic amplitude that grows with energy and violates the unitarity bound. By letting l → 0 in Eq.(2.16), we can immediately see that boundary contributions appear even in the case of the zero mode for the gauge boson A c l . If we take the zero mode for the gauge boson A c l , the scattering amplitude should satisfy the (on-shell) WardTakahashi identity: amplitude must vanish if we substitute the polarization vector ǫ by the momentum of the zero mode. By substituting 20) we obtain the amplitude (2.11) as
which is also a boundary contribution. We thus find that the violation of both the Ward-Takahashi identity and the tree level unitarity are proportional to the boundary contributions. In the next subsection, we will demonstrate that the variational principle allows boundary conditions that give nonvanishing boundary contributions (2.21) for the violation of Ward-Takahashi identity and (2.17) for the tree level unitarity.
The Coset-N/Subgroup-D Boundary Condition
In order to illustrate boundary contributions violating Ward-Takahashi identity and tree level unitarity, we take the SU(N) gauge group as an example. To obtain a semi-realistic symmetry breaking pattern, let us consider the symmetry breaking in two steps by considering two different boundary conditions at y = 0 and y = πR, such as SU (5) 
. The warp factor e −4W (y) and g 55 (y) distinguishes two boundaries y = 0 and y = πR. Without loss of generality, let us consider one of the boundaries, say y = 0 is associated with the high energy scale m GUT . At this high energy scale, we break the gauge symmetry
by imposing the Neumann boundary conditions (2.6) for the 4D vectors A a µ in the subgroups SU(N 1 ), SU(N −N 1 ) and U (1), and by imposing the Dirichlet boundary conditions (2.7) for the coset
. The boundary condition is written in a matrix form as
where N and D denote the Neumann and Dirichlet boundary conditions, respectively. This set of boundary conditions gives rise to neither the boundary contributions (2.21) violating the Ward-Takahashi identity nor (2.17) violating the tree level unitarity. It is realizable by automorphisms of the Lie algebra in orbifoldings and are often used. We denote the generators of subgroups and the coset as
Now we consider the boundary condition at y = πR which is associated with the lower energy scale m W . Since we wish to have SU(N 1 ) and U(1) gauge symmetries to be unbroken, we impose the Neumann boundary condition for G ∈ SU(N 1 ) and B ∈ U(1) generators at both boundaries y = 0, πR. To break the gauge symmetry SU(N − N 1 ) by means of boundary conditions, we impose the Dirichlet boundary condition (2.7) for W ∈ SU(N − N 1 ) generators. The variational principle allows the Dirichlet boundary condition for the generators of the subgroups. This assignment reduces the rank of the unbroken gauge group. As we will see in Sec.3, inner automorphisms of the Lie algebra in orbifoldings do not allow to reduce the rank of the gauge group.
The remaining generators belong to the coset
Usually the Neumann boundary condition is not imposed to 4D vectors in the coset at both boundaries, since massless gauge fields have to form a group, as indicated in Eq.(2.8). However, we have a freedom to choose the Neumann boundary condition here, since it is clear that the gauge symmetry for the coset is already broken and 4D vectors are massive at high energy scale m GU T by the boundary condition at y = 0. Thus we can assign the boundary condition in the matrix form as
with unbroken U(1) obeying the Neumann boundary condition. Let us call this assignment of the Neumann boundary condition for coset and the Dirichlet boundary condition for a subgroup as the coset-N/subgroup-D boundary condition. 24) implying the following nonvanishing structure constants:
Therefore the nonvanishing group theory factor f abe f cde can be classified into the following three types: among the labels a, b, c, d, e, the coset generators X appear either nowhere, only in three labels (a, c, e), (a, d, e), (b, c, e), (b, d, e), or only in four labels a, b, c, d.
We first examine the violation of the Ward-Takahashi identity which is given by the boundary contribution (2.21) proportional to
Let us consider the process W X → BX and W X → GX with the zero mode l = 0 for the massless gauge boson B and G, by choosing the gauge quantum number (a, b, c, d) = (W, X, B, X) and (W, X, G, X). We find that the intermediate gauge generator e = X contributes and that the coset-N/subgroup-D boundary condition at y = πR gives 
and
Let us choose the same process as in the case of the violation of the Ward-Takahashi identity : W X → BX and W X → GX. without restricting to the zero mode for B and G in this case. For this process, the first term (2.28) vanishes, but the second term (2.29) is nonvanishing 7 , because of Eq.(2.27). This establishes that the boundary condition coset-N/subgroup-D violates the tree level unitarity in the process W X → BX and W X → GX.
Typical Feynman diagrams giving the nonvanishing boundary contributions for the amplitude in Fig.1 are explicitly illustrated in Fig.2 . The external gauge bosons for p 1 is Figure 2 : Typical Feynman diagrams giving the boundary contributions (2.17) and (2.21) violating the Ward-Takahashi identity and the tree level unitarity.
and p 3 to be B ∈ U(1) or G ∈ SU(N 1 ), whereas the internal gauge bosons belong to
Thus we conclude that the coset-N/subgroup-D boundary condition gives nonvanishing boundary contributions to the four gauge boson scattering amplitude which grows as powers of the center of mass energies. More specifically this breakdown of the tree level unitarity occurs if we take one of the external gauge bosons in a subgroup with the Dirichlet boundary condition, the other two gauge bosons in the coset with the Neumann boundary condition, and another gauge boson in the unbroken subgroup U(1) or SU(N 1 ) with the Neumann boundary condition. At the same time, the Ward-Takahashi identity is also broken with this choice of the boundary condition. This assignment of boundary conditions is allowed by the variational principle [21] .
Let us note that we should avoid using the unitary gauge even in calculating the tree diagram as we are computing here. As we have used the condition ξ ≪ E 2 /m 2 k in computing the scattering amplitude, our calculation is not valid for the unitary gauge where ξ → ∞. As long as we avoid using the unitary gauge, the growing contributions of the scattering amplitude at high energy does not depend on the gauge parameter ξ. For the unitary gauge ξ = ∞, the extra-dimensional component of the gauge boson drops out as seen from the propagator (B.2). Then the breakdowns of the tree level unitarity and the Ward-Takahashi identity seem to be invisible even for the choice of the coset-N/subgroup-D boundary conditions 8 . The breakdowns of the tree level unitarity and the Ward-Takahashi identity are a serious problem for the gauge theories in higher dimensions. Therefore we wish to look 7 The first term (2.28) will be nonvanishing with the coset-N/subgroup-D boundary condition if we consider another process XX → XX. In order to ascertain that the tree level unitarity is indeed violated in this process, we need to take account of another s-channel Feynman diagram in addition to those computed in the Appendix.B. We are computing inelastic scattering XX → XX with different KK levels for all X contrary to Ref. [21] where only the elastic scattering have been computed with identical KK levels for all gauge bosons X. 8 In Sec.3, we show that the 5D gauge transformations are ill-defined if the coset-N/subgroup-D boundary condition is used. Therefore the different "gauge choice" may not give the same physical results.
for a principle which forbids such a choice of boundary conditions that violate the tree level unitarity and the Ward-Takahashi identity in the scattering amplitudes. We now turn to give such a principle in the next section.
Consistency of 5D Gauge Transformations
5D Gauge Transformations
Let us consider the 5D gauge transformations for the 4D vector component A
The first term in the right-hand side is inhomogeneous in gauge field and is independent of the gauge coupling constant g 5 . The second nonlinear term is of the first order in g 5 . We first examine the relation between the boundary conditions for A 
The first (inhomogeneous) term implies that the boundary condition for A a 5 (x, y) should be the same as ∂ 5 ǫ a . Namely, the Neumann (Dirichlet) boundary condition for A a 5 (x, y) implies the Dirichlet (Neumann) boundary condition for ǫ a (x, y).
First Choice of Boundary Conditions
Now we can easily argue the inconsistency of the first choice of the boundary condition (2.5), allowed by the variational principle, which we have postponed to examine in Sec.2.1. The 5D gauge transformation for A a µ in Eq.(3.1) implies that the boundary condition for A a µ and for the gauge transformation parameter ǫ a should be the same, whereas the 5D gauge transformation for A should be opposite to that for ǫ. Therefore the 5D gauge transformation (at the order of the inhomogeneous term) already implies that the boundary conditions for A 
Therefore this nonlinear term does not respect the Neumann boundary condition, which is the boundary condition for A a µ that we started. Similarly, we can also examine the 5D gauge transformations for the generators in the subgroup W ∈ SU(N − N 1 ) with the Neumann boundary condition for A In both cases, there is no way to define the gauge transformation parameter ǫ a (x, y) consistently. Therefore the coset-N/subgroup-D boundary conditions do not allow a consistent definition of the 5D gauge transformations 10 .
Mode Expansions and Gauge Symmetry Breaking
To clarify the meaning of "gauge symmetry breaking by boundary conditions", we find it best to perform mode expansions for the 5D gauge transformation parameters ǫ a (x, y) as well as the 5D gauge fields A a M (x, y). For instance, the 5D gauge transformations of the 4D vector component A a µ (x, y) in Eq.(3.1) can be mode-expanded as provided the boundary conditions for gauge transformation parameters and the gauge fields are defined consistency with the 5D gauge transformations in Eq.(3.1). Our principle for the boundary conditions to be defined consistently with the 5D gauge transformations is equivalent to the requirement that the mode expansions of the 5D gauge transformations (3.6) can be defined consistently. If the 5D gauge transformations (and their mode expansions) cannot be defined consistently, we may say that the 5D gauge invariance is explicitly violated by hand. In that case, the Ward-Takahashi identity as well as the tree level unitarity are violated, as we have seen. Assuming the consistency of the 5D gauge transformation, we can discuss (spontaneous) breaking of 4D gauge invariance. If zero mode is present for the gauge transformation parameter ǫ a (x, y), the 4D gauge invariance is maintained and the corresponding 4D gauge field A a µn (x) contains a massless mode. If the zero mode is absent for the gauge transformation parameter ǫ a (x, y), the 4D gauge invariance is (spontaneously) broken, the modes of the corresponding 4D gauge field A a µn (x) are all massive without zero mode at all.
Orbifoldings
We will now confirm that the boundary conditions realized as the (inner) automorphism of the Lie algebra in orbifoldings is consistent with the 5D gauge transformation. We call the automorphism at the boundary y = 0 as P 0
with P 0 = P †
0 . Similarly the automorphism P 1 is defined at y = πR. To obtain the Dirichlet or Neumann boundary conditions, we restrict ourselves to diagonal matrices for the automorphisms. Then we never obtain the boundary conditions which correspond to the reduction of the rank of the group 11 . Combining the automorphism (3.7) with the gauge transformation law 8) we find the gauge transformation parameter to transform under the automorphism
On the other hand, the gauge transformation dictates the transformation of A 5 under the automorphism
10)
We can repeat the same analysis at y = πR. This shows that a consistent transformation property under the automorphism can be assigned for the gauge transformation parameters. This consideration shows that the automorphism of the Lie algebra in orbifolding automatically satisfies the tree level unitarity in accord with the previous result [31] .
BRST Formulation
BRST transformations replace the classical gauge transformations after the gauge fixing. The BRST invariance is just equivalent to the classical gauge invariance and gives no extra advantage at the tree level where we are considering. However, we will briefly consider the BRST formulation in order to show that the same result can also be obtained in terms of the BRST transformations rather than the gauge transformations. As long as the boundary conditions for the gauge transformation parameter ǫ a in five dimensions
are defined consistently with the boundary conditions for gauge fields A a M , the BRST transformations can be defined straightforwardly by promoting the gauge transformation parameter ǫ a (x, y) to the ghost field c a (x, y) multiplied by an anti-commuting parameter ε, and add anti-ghost fieldc a (x, y) and the Nakanishi-Lautrup field B a (x, y) to find the BRST transformations δ in five dimensions as
If we perform the mode decomposition, we obtain the corresponding four-dimensional BRST transformation laws [30] - [32] .
Summary and Prospects
Summarizing our results, we have examined the variational principle to choose the Neumann or Dirichlet boundary conditions to break the gauge symmetry in 5D gauge theory. The variational principle allows boundary conditions that violate the Ward-Takahashi identity and the tree level unitarity. We have shown that the 5D gauge transformation parameters ǫ(x, y) besides the gauge fields A M (x, y) should be given a boundary condition which is consistent with the 5D gauge transformations. This condition provides a stringent constraint and forbids these boundary conditions that violate the tree level unitarity and the Ward-Takahashi identity.
In considering the orbifoldings, it is possible to use nondiagonal automorphisms of the Lie algebra which give more involved boundary conditions than Neumann or Dirichlet conditions. More generally, there are possibilities of nontrivial Wilson lines which break the gauge symmetry [8] . It has been found that different boundary conditions are sometimes related by gauge transformations. In such circumstances, effective potential at 1-loop determines the value of the Wilson lines and the symmetry breaking pattern [17] . Such a possibility is an interesting future problem.
Deconstruction approach uses four-dimensional gauge theories to build higher dimensional gauge models in a discretized version [33] . Various boundary conditions, such as the automorphisms of the Lie algebra in the orbifolding, can be obtained as appropriate limits from the deconstruction [29] . These boundary conditions are shown to satisfy the tree level unitarity automatically. The deconstruction can even obtain realistic models if one allows some amount of fine tuning [34] . It is an interesting future problem if the boundary conditions reducing the rank of the group can be forbidden as a limit of the discretized gauge theories like the deconstruction approach [33] .
It is an interesting future problem to build a realistic model using the 5D gauge theories with boundaries. There have been much activity in model building by using the left-right symmetric models [35] . It is interesting to obtain the reduction of the rank of the gauge group with such a left-right symmetric model. Although they use linear combinations of generators of the factor group, one should examine carefully if the rank reduction is really compatible with the 5D gauge invariance.
A Formula for mode functions and overlap integrals
In this appendix, we summarize properties of the mode functions f are defined by the eigenvalue equations with the mass eigenvalue m n as
which can be rewritten into the following coupled first order differential equations
We choose them to be orthonormal 4) and assume them to be complete
Using the KK decompositions in Eqs.(2.9) and (2.10) and integrating over y, we obtain the action for the field strengths without the gauge fixing term in Eq.(2.2) as
where the overlap integrals are given by
By repeatedly using the defining equations (A.3), we obtain a useful identity
B Calculation of scattering amplitude
In this appendix, we give some details of calculating the scattering amplitude A Vertices can be read off from the KK decomposed action (A.7) as given in Fig. 4 Table 2 . Summing all contributions in Table 2 , we obtain the total invariant matrix element as Eq.(A.9) implies that this amplitude is proportional to the boundary contributions. Moreover it has ξ in the denominator. Therefore the unitary gauge ξ → ∞ clearly misses this possible violation of Ward-Takahashi identity. Returning to the high energy approximation, we find by using Eq.(A.9) that the invariant matrix element in Eq.(B.3), reduces to Eq.(2.21).
